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Using the variational method, we calculate the mass of the JP = 1+ udb¯b¯ tetraquark containing
two identical heavy antiquarks in a nonrelativistic potential model with color confinement and spin
hyperfine interaction. In particular, we extend a previous investigation of the model by Brink
and Stancu by investigating the effect of including the color anti-sextet component of the diquark
configuration as well as using several more Gaussian parametrization for the L=0 part of the spatial
wave function. We find that for the heavy tetraquark, the 66¯ component among the color singlet
bases is negligible and that the previously used specific Gaussian spatial configuration is good enough
in obtaining the ground state energy.
PACS numbers: 14.40.Rt,12.39.JH
I. INTRODUCTION
Recently, several new heavy mesons were discovered
with masses difficult to explain within the conventional
quark model and thus could either be a multiquark or
a molecular configuration [1]. These are the Ds states,
X(3872) [2], Z(4051) and Z(4248) [3], and the newly dis-
covered charged charmonium like states Zc(3900)[4–6].
While the recently observed charged states are mostly
likely of exotic configurations, their quantum numbers
are not explicitly exotic. On the other hand, there are
a number of works suggesting that certain flavor ex-
otic multiquark states with heavy quarks could be stable
under strong decay and be observable from B-decay or
heavy ion collisions. If such particles are indeed found,
they would mark the first observation of flavor exotic
multiquark configuration, which will lead to a new di-
mension of hadron spectroscopy[7, 8].
The first set of papers suggesting the tetraquark con-
figurations were given by Jaffe [9, 10], within the MIT
bag model with color spin interaction. This paper sub-
sequently promoted an intense discussion on the possible
existence of tetraquark states. It was suggested in his
papers that the f0(975) and a0(980) resonances could be
interpreted as part of the scalar JPC = 0++ nonet com-
posed of qqq¯q¯ tetraquarks. This picture was later further
confirmed by Weinstein and Isgur [11, 12], establishing
the possible existence of tetraquark in a variety of quark
models. This means that tetraquarks with heavy quarks
can also exist. In fact, the calculation for the spectrum of
cc¯qq¯ tetraquark which was performed by Stancu [13] and
Hogassen [14] suggest that X(3872) meson which have
been discovered by Belle [2] could be a cc¯qq¯ tetraquark
state. This state however is of the cryptoexotic nature,
with hidden heavy flavor quantum number. Moreover,
these states could be a meson-meson bound molecular
states as was predicted more than twenty years ago[15].
Thus it is experimentally a challenge to prove that they
are composed of purely tetraquark components.
Simple estimates based on color-spin interaction sug-
gests that there could be stable heavy tetraquark states
with explicitly flavor exotic quantum number[7, 8]. In
particular, the JP = 1+, I = 0 udQ¯Q¯, with Q being a
heavy quark and called the T 1QQ, are of particular interest
as it could be a stable flavor exotic tetraquark[16] state
that could be produced in electro-positron collision[17]
or in a heavy ion collision[18]. The stability of T 1QQ has
been studied in quark model [8, 19–21] and QCD sum
rules [22]. .
Here, we are interested in elaborating the quark model
calculation for T 1QQ, obtained with the nonrelativistic po-
tential as given by Silvestre-Brac and Semay [23, 24],
that was performed by Brink and Stancu (BS) [25] us-
ing the variational method based on simple Gaussian trial
function which is useful to describe nuclear few-body sys-
tems [26]. The mass of T 1bb calculated by BS was 33 MeV
above the results by Silvestre-Brac and Semay [23, 24]
that used a variational calculation with many oscillator
bases. BS proposed several alternatives of improving the
variational energy in their calculation. In this work, we
extend the work of BS by investigating their proposal of
improvements. In the first improvement, since Brink and
Stancu [25] excluded the 66¯ component in color singlet
basis following the assumption given in [16], we explicitly
investigate the validity of the assumption by including
the 66¯ component in the calculation. This calculation
will be performed with the same single Gaussian spa-
tial wave function as was done by BS that will be called
scheme 0 in our work. In the second improvement, we ex-
tend the simple spatial configuration used by BS to the
generalized cases introduced as scheme I to V in section
IV. This is to investigate the extended correlations be-
tween quarks. We further introduce schemes(scheme VI
and VII) to investigate the importance of using multi-
ple Gaussian to the wave function. The simple Gaussian
function for total angular momentum L=0 is convenient
to examine the variational energy of the tetraquark con-
taining two identical heavy antiquarks in such a situa-
tion. We found that the size of tetraquark is important
to understand the stability of heavy tetraquark. We also
calculate the quark-antiquark meson masses within the
same model parameters. Using these results, we inves-
2tigate the stability of the tetraquark states against the
decay into two meson states.
In section II we introduce the hamiltonian. In section
III, we introduce the spatial and color-spin wave func-
tion. In section IV, we introduce the different schemes
and calculate the matrix elements. In section V, we show
the numerical results and discuss the two improvements.
In section VI, we analyze the mass splitting coming from
hyperfine potential. Finally, we give the summary in sec-
tion VII.
II. HAMILTONIAN
Let us start from a nonrelativistic Hamiltonian, that
includes confinement and hyperfine potential for the color
and spin degrees of freedom:
H =
4∑
i=1
(mi +
p
2
i
2mi
)− 3
4
4∑
i<j
λci
2
λcj
2
(V Cij + V
SS
ij ). (1)
Here, mi’s are the quark masses; λ
c
i/2 are the color op-
erator of the i’th quark for the color SU(3); V Cij and V
SS
ij
are the confinement and hyperfine potential, respectively.
We adopt the confinement and hyperfine potential from
ref. [27]:
V Cij = −
κ
rij
+
rij
a20
−D, (2)
V SSij =
h¯2c2κ
mimjc4
1
r20rij
e−rij/r0σi · σj , (3)
where rij =| ri − rj | and σi is the spin operator.
Since our aim is to generalize and compare with the
calculation of BS [25] for the mass of the tetraquark
containing two light quarks and two heavy antiquarks
with variational method, for the parameters appearing
in Eqs.(2)-(3), we chose the same values as those used in
that paper. The parameters are given by
mu = md = 337 MeV,
mc = 1870 MeV, mb = 5259 MeV,
κ = 102.67 MeV fm, a0 = 0.0326 ( MeV
−1 fm)1/2,
D = 913.5 MeV, r0 = 0.4545 fm. (4)
III. WAVE FUNCTION
In this work, we will be interested in the T 1QQ state
within the Hamiltonian introduced above. In the con-
stituent quark model, the lowest mass for the T 1QQ state
is obtained in a configuration where all the quarks are in
the l = 0 state. Therefore, the Hamiltonian introduced
in the previous section will be applied to only the s-wave
configurations that depend also on the color and spin
states. Now, we establish the appropriate basis functions
for describing the tetraquark system.
A. spatial function
In order to use variational method, we construct the
trial wave function for the spatial part in a simple Gaus-
sian form. This spatial function makes it easy to calcu-
late the matrix element of the Hamiltonian. When we
calculate the matrix element of the potential terms for
the tetraquark configuration with certain symmetry, it
is convenient to introduce the following three coordinate
configurations which are related with each other by or-
thogonal matrix.
• Coordinate I :
ρ =
1√
2
(r1 − r3), ρ′ = 1√
2
(r2 − r4),
x =
1
2
(r1 − r2 + r3 − r4). (5)
• Coordinate II :
α =
1√
2
(r1 − r4), α′ = 1√
2
(r2 − r3),
y =
1
2
(r1 − r2 − r3 + r4). (6)
• Coordinate III :
σ =
1√
2
(r1 − r2), σ ′ = 1√
2
(r3 − r4),
λ =
1
2
(r1 + r2 − r3 − r4). (7)
Here, particles 1 and 2 indicate quarks, while 3 and 4
indicate antiquarks.
When describing the diquark-antidiquark system, it
is convenient to choose the closed form coordinate III.
Hence, for calculating the matrix element of the Hamil-
tonian, we use coordinate III. On the other hand, it is
convenient to choose coordinates I or II in describing
the asymptotic form corresponding to either the direct
or exchange meson-meson system. As we deal with the
tetraquark consisting of two identical antidiquark, we
must consider the permutation of (12) and (34) with re-
spect to the basis function. In other words, we must
construct the bases functions satisfying the Pauli princi-
ple. For these three coordinate configurations under the
permutation of (12) and (34), we obtain the following
property:
(12)ρ = α′, (12)ρ′ = α, (12)σ = −σ, (12)λ = λ,
(34)ρ = α, (34)ρ′ = α′, (34)σ′ = −σ′ , (34)λ = λ.
(8)
3We denote the spatial function by Rs which has been
introduced by BS in Ref [25]. As was discussed by BS, the
most general Gaussian form for the L=0 spatial function
can be written in terms of six scalar quantities as given
by
Rs = exp[−(Cs11σ2 + Cs22σ′2 + Cs33λ2 + 2Cs12σ · σ′
+2Cs13σ · λ + 2Cs23σ′ · λ)]. (9)
In order to calculate the matrix element of the confine-
ment and hyperfine potential terms involving rij , where
i, j = 1 ∼ 4, it is convenient to represent the argument
of the exponential function in a matrix form so that one
can easily transform from one coordinate to the other
by orthogonal transformations. Therefore, we define the
coordinate configurations in a matrix form as follows:
X =

 ρρ′
x

 , Y =

 αα′
y

 , Z =

 σσ′
λ

 . (10)
Then, we can write Rs of Eq. (9) in the following form
Rs = exp(−ZTCsZ), (11)
where Cs is the symmetric matrix, and ZT is the trans-
pose of the column matrix Z. Using the orthogonal ma-
trices which transform one coordinate into the other, the
Rs can be expressed in terms of the coordinates (5) and
(6). It becomes
Rs = exp(−ZTCsZ) = exp(−XTAsX) (12)
= exp(−Y TBsY ),
where the symmetric matrices As and Bs are obtained
from the similarity transformation. Applying the orthog-
onal matrices to the coordinates and Cs matrix give
X = UxZ, Y = UyZ, (13)
As = UxC
sU−x 1, B
s = UyC
sU−y 1,
where the orthogonal matrices Ux and Uy are
Ux =


1
2 − 12 1√2
− 12 12 1√2
1√
2
1√
2
0

 ,
Uy =


1
2
1
2
1√
2
− 12 − 12 1√2
1√
2
− 1√
2
0

 . (14)
Introducing the position vector of the center of mass,
rC = (1/M)
∑
miri, where M =
∑
mi, the kinetic part
of Eq. (1) can be expressed in the center of mass frame.
We can obtain the kinetic part in the center of mass frame
by excluding the kinetic energy of the position vector of
the center of mass. The kinetic part in the center of
mass frame denoted by Tc can be expressed in terms of
coordinate III as follows:
Tc =
4∑
i=1
p
2
i
2mi
− p
2
rC
2M
=
p
2
σ
2m1
+
p
2
σ′
2m3
+
p
2
λ
2m′
, (15)
where m1 = m2 = mq, m3 = m4 = mQ, and m
′ is the
reduced mass, 2m1m3/(m1 +m3).
B. Spin-color state
The color space acting on the λciλ
c
j in a given flavor
configuration of the tetraquark can be decomposed ac-
cording to the irreducible representation of color SU(3)c
as
3c×3c× 3¯c× 3¯c = 3¯c×3c+6c× 6¯c+3¯c× 6¯c+6c×3c. (16)
Color singlet states can be obtained from the first and
the second term in the right hand side of Eq.(16). It is
convenient to use following notions introduced in Ref. [28]
to denote the two color singlets.
(q1q2)
3¯ ⊗ (q¯3q¯4)3, (q1q2)6 ⊗ (q¯3q¯4)6¯ (17)
It follows from the property of irreducible representa-
tion of color SU(3)c that (q1q2)
3¯ ⊗ (q¯3q¯4)3 is antisym-
metric under transposition of q1 and q2 or q¯3 and q¯4, and
(q1q2)
6 ⊗ (q¯3q¯4)6¯ is symmetric under transposition of q1
and q2 or q¯3 and q¯4. Using the tensor notation [29], the
two color singlets can be written as
(q1q2)
3¯ ⊗ (q¯3q¯4)3 = 1√
12
ǫαβγǫαλσqβ(1)qγ(2)q¯
λ(3)q¯σ(4),
(q1q2)
6 ⊗ (q¯3q¯4)6¯ = 1√
6
dαβγdαλσqβ(1)qγ(2)q¯
λ(3)q¯σ(4),
(18)
where dαβγ and dαβγ are
d111 = d111 = d
222 = d222 = d
333 = d333 = 1,
d412 = d412 = d
421 = d421 = d
523 = d523 = d
532 = d532 =
d613 = d613 = d
631 = d631 =
1√
2
. (19)
These two color singlet states are orthonormal by means
of the irreducible representation of color SU(3)c. The
orthogonality can also be simply shown by the vanishing
of the multiplication of the anti-symmetric to symmet-
ric color indices. The coefficients can be deduced from
Young operators associated with sextet and antisextet
which are useful to generate the basis state in a Young
diagram. The two color singlet states can be recom-
bined into another two color singlets constructed from
two quark antiquark pair of color singlet-singlet and an
octet-octet states that are appropriate for studying the
decay properties.
4Due to the fact that the irreducible representation of
SU(2)s for an antiquark with spin=1/2 is equivalent to
that of a quark, the spin space of the tetraquark can be
represented as V1/2×V1/2×V1/2×V1/2, and decomposed
into the direct sum of the following parts:
V1/2×V1/2×V1/2×V1/2 = V0×V0+V0×V1+V1×V0+V1×V1,
(20)
where the subscripts indicate the spins. Accordingly, the
total spin of the tetraquark can be S=0, 1 or 2.
For S=0, there are two independent basis states ob-
tained from V0×V0 and V1×V1 parts. The corresponding
bases are denoted by
(χ12)s=0 ⊗ (χ34)s=0, (χ12)s=1 ⊗ (χ34)s=1, (21)
where particles 1 and 2 imply quarks, and particles 3 and
4 antiquarks.
For S=1, there are three independent basis states com-
ing from V0×V1, V1×V0, and V1×V1 part. These states
are given by
(χ12)s=0 ⊗ (χ34)s=1, (χ12)s=1 ⊗ (χ34)s=0,
(χ12)s=1 ⊗ (χ34)s=1. (22)
For S=2, there exist only one state coming from V1×V1
part denoted as
(χ12)s=1 ⊗ (χ34)s=1 (23)
The spin states for S=0 and S=1 are orthonormal, as in
the color states. It is important to see the permutation
property of the spin states under transposition (12) or
(34) because the wave function has to have a definite
symmetry under exchange of identical particles; (34) are
identical while (12) becomes identical when extended to
the flavor space. Applying the transposition (12) or (34)
to the spin states give
(12)(χ12)s=0 = −(χ12)s=0, (12)(χ12)s=1 = (χ12)s=1
(34)(χ12)s=0 = −(χ12)s=0, (34)(χ12)s=1 = (χ12)s=1.
(24)
In general, when the symmetry constraint is not im-
posed, there is a four-dimensional color-spin orthogonal
basis for S=0 spanned by the following states:
φ1 = (q1q2)
6 ⊗ (q¯3q¯4)6¯(χ12)s=1 ⊗ (χ34)s=1
≡ (q1q2)61 ⊗ (q¯3q¯4)6¯1,
φ2 = (q1q2)
3¯ ⊗ (q¯3q¯4)3(χ12)s=0 ⊗ (χ34)s=0
≡ (q1q2)3¯0 ⊗ (q¯3q¯4)30,
φ3 = (q1q2)
6 ⊗ (q¯3q¯4)6¯(χ12)s=0 ⊗ (χ34)s=0
≡ (q1q2)60 ⊗ (q¯3q¯4)6¯0,
φ4 = (q1q2)
3¯ ⊗ (q¯3q¯4)3(χ12)s=1 ⊗ (χ34)s=1
≡ (q1q2)3¯1 ⊗ (q¯3q¯4)31. (25)
Similarly, we use the following six-dimensional color-
spin basis for S=1 state:
ψ1 = (q1q2)
6
1 ⊗ (q¯3q¯4)6¯1, ψ2 = (q1q2)3¯1 ⊗ (q¯3q¯4)31,
ψ3 = (q1q2)
3¯
0 ⊗ (q¯3q¯4)31, ψ4 = (q1q2)61 ⊗ (q¯3q¯4)6¯0,
ψ5 = (q1q2)
3¯
1⊗ (q¯3q¯4)30, ψ6 = (q1q2)60⊗ (q¯3q¯4)6¯1. (26)
Depending on the tetraquark state, the actual states
contributing to the bases will be smaller due to symme-
try considerations. Our main interest is in the tetraquark
T 1QQ containing two identical heavy antiquarks and two
light quarks u and d (S=1,I=0). qqb¯b¯ states with JP =
0+ with (S=0,I=1) or with JP = 1+ with (S=1,I=1) was
found to be unstable against strong decay by BS [25].
In the work by BS, the stability of the T 1QQ was ob-
tained from considering only the (q1q2)
3¯ ⊗ (q¯3q¯4)3 com-
ponent in the color wave function, without the color
(q1q2)
6⊗ (q¯3q¯4)6¯ component. Thus, we are committed to
examining the effect of the color (q1q2)
6 ⊗ (q¯3q¯4)6¯ com-
ponent in Eq. (26) to the mass of the T 1QQ.
Also, our work will allow for possible couplings between
the coordinates σ, λ and σ′ through the nonvanishing
variational parameters Cs12, C
s
13, and C
s
23 appearing re-
spectively in Eq. (36) to Eq. (38). We will then compare
our result to that of BS [25] using the Gaussian function
in the absence of Cs12, C
s
13 and C
s
23.
IV. CALCULATIONAL SCHEMES
The total wave function must be antisymmetric under
the transposition of (12) and (34) for T 1QQ because of the
Pauli principle. Since we are interested in the lowest or-
bital states with all quarks in the l = 0 states, the spatial
wave function should be symmetric. Hence, the permu-
tation property which should be satisfied by the color
and spin part of the wave function is symmetric under
the transposition of (12) and antisymmetric under the
transposition of (34) because the flavor part of the wave
functions is antisymmetric and symmetric for the light
and heavy quarks respectively. The above permutation
properties only allow two states, ψ3 and ψ4 in Eq. (26).
(12)(q1q2)
3¯
0 ⊗ (q¯3q¯4)31 = (q1q2)3¯0 ⊗ (q¯3q¯4)31,
(34)(q1q2)
3¯
0 ⊗ (q¯3q¯4)31 = −(q1q2)3¯0 ⊗ (q¯3q¯4)31,
(12)(q1q2)
6
1 ⊗ (q¯3q¯4)6¯0 = (q1q2)61 ⊗ (q¯3q¯4)6¯0,
(34)(q1q2)
6
1 ⊗ (q¯3q¯4)6¯0 = −(q1q2)61 ⊗ (q¯3q¯4)6¯0. (27)
The spatial function should therefore be symmetric un-
der the transpositions. We introduce different schemes
depending on how this property is implemented.
5A. Scheme 0
The simplest way to implement the symmetry in the
spatial wave function is to take Cs12 = C
s
13 = C
s
23 = 0
in the exponent of the Gaussian. Considering only the
variational parameters Cs11, C
s
22, and C
s
33 to be non-zero,
the basis wave functions for T 1QQ can be written as the
following:
Ψs1 = R
s(q1q2)
3¯
0 ⊗ (q¯3q¯4)31, Ψs2 = Rs(q1q2)61 ⊗ (q¯3q¯4)6¯0.
(28)
The spatial part of the basis wave functions in Eq. (28)
is given by excluding Cs12, C
s
13, and C
s
23 from Eq. (9).
Scheme 0 :
Rs = exp[−(Cs11σ2 + Cs22σ′2 + Cs33λ2)]. (29)
With this basis function, the Hamiltonian matrix has the
following form:
〈H〉 =
( ∑
mi + 〈Tcm〉 − 34 〈V C1 〉 0
0
∑
mi + 〈Tcm〉 − 34 〈V C2 〉
)
− 3
4
V SS2×2, (30)
where 〈V C1 〉 = − 23 (〈V C12〉 + 〈V C34〉) − 13 (〈V C13〉 + 〈V C14〉 +
〈V C23〉+ 〈V C24〉) and 〈V C2 〉 = 13 (〈V C12〉+ 〈V C34〉)− 56 (〈V C13 〉+
〈V C14〉 + 〈V C23〉 + 〈V C24〉): The different sum in 〈V C1 〉 and
〈V C2 〉 come from different color wave function Ψs1 and
Ψs2 respectively. The matrix element of the hyperfine
potential V SS is given by
V SS2×2|11 = 2〈V SS12 〉 −
2
3
〈V SS34 〉,
V SS2×2|12 = −
√
2
2
(〈V SS13 〉+ 〈V SS14 〉+ 〈V SS23 〉+ 〈V SS24 〉)
= V SS2×2|21,
V SS2×2|22 =
2
3
〈V SS12 〉 − 〈V SS34 〉. (31)
The spatial part of the matrix element which was ex-
plained in detail by BS [25] can be obtained from the
integration with respect to the three dimensional vector
space which is illustrated by the three independent coor-
dinate systems. The explicit forms are given in Eq. (34).
For the kinetic energy part, the kinetic operators in
Eq. (15) is given by
T = − h¯
2
2m1
∇2σ −
h¯2
2m2
∇2σ′ −
h¯2
2m′
∇2λ. (32)
With this, the kinetic energy is given by
〈Tcm〉 = 〈Rs|T |Rs〉
=
∫
d3σd3σ′d3λ exp(−ZTCsZ)T exp(−ZTCsZ).
(33)
Similarly, the potential energy terms is
〈V Cij 〉 = 〈Rs|(−
κ
rij
+
rij
a20
−D)|Rs〉
=
∫
d3σd3σ′d3λ(− κ
rij
+
rij
a20
−D)
× exp[−ZT (Cs + Cs)Z] (34)
and
〈V SSij 〉 =
h¯2c2κ
mimjc4r20
〈Rs| 1
rij
e−rij/r0 |Rs〉
=
h¯2c2κ
mimjc4r20
∫
d3σd3σ′d3λ
1
rij
e−rij/r0
× exp[−ZT (Cs + Cs)Z]. (35)
Depending on rij appearing on the potential part, one
needs to choose a convenient coordinate system among
the three independent coordinate systems. This is easily
done as the Jacobian related to coordinate transforma-
tion are all equal to one. The calculation of these matrix
element in terms of the color-spin states will be discussed
in detail in the Appendix.
We have applied the variational method to the ground
state using the basis set which is expressed in scheme 0.
In order to obtain the variational energy, we must mini-
mize the lowest eigenvalue with respect to the variational
parameters after diagonalizing the matrix in Eq. (30).
Here, the variational energy is obtained by differentiat-
ing the lowest eigenvalue with respect to the variational
parameters. By analyzing the result in scheme 0, we first
investigate the importance of the Rs(q1q2)
6
1⊗(q¯3q¯4)6¯0 com-
ponent compared to = Rs(q1q2)
3¯
0⊗ (q¯3q¯4)31 component in
the total wave function of T 1bb.
B. Other Schemes
In these schemes, we hope to investigate the impor-
tance of introducing general Gaussian wave functions to
accommodate further correlations between quarks. For
that purpose, we introduce schemes I-V as below. How-
ever, we only consider (q1q2)
3¯
0⊗ (q¯3q¯4)31 part as the color-
spin basis function; because the contribution from the
(q1q2)
6
1⊗(q¯3q¯4)6¯0 component is negligible as will be shown
later through the analysis in scheme 0. The schemes are
introduced by adding the variational parameters Csij with
i 6= j.
Scheme I :
Rs1 =exp[−(Cs11σ2 + Cs22σ′2 + Cs33λ2 + 2Cs12σ · σ′)]+
exp[−(Cs11σ2 + Cs22σ′2 + Cs33λ2 − 2Cs12σ · σ′)].
(36)
Scheme II :
Rs2 =exp[−(Cs11σ2 + Cs22σ′2 + Cs33λ2 + 2Cs13σ · λ)]+
exp[−(Cs11σ2 + Cs22σ′2 + Cs33λ2 − 2Cs13σ · λ)].
(37)
6Scheme III :
Rs3 =exp[−(Cs11σ2 + Cs22σ′2 + Cs33λ2 + 2Cs23σ′ · λ)]+
exp[−(Cs11σ2 + Cs22σ′2 + Cs33λ2 − 2Cs23σ′ · λ)].
(38)
In the next scheme, we chose the parameters Cs12, C
s
13
and Cs23 determined from the previous scheme i and then
introduce a linear combination of Rs1, R
s
2, and R
s
3 with
variational parameters Ci for the wave function.
Scheme IV :
Rs =
∑
i
CiR
s
i (39)
Finally, we consider the more generalized spatial func-
tion with variational parameters Cs13 6= Cs23 6= 0, and
Cs12 = 0.
Scheme V :
Rs(13)+(23) = R
s
2 +R
s
3 (40)
We note that all five spatial function in schemes I-V sat-
isfies the symmetry requirement under the transposition
of (12) and (34).
TABLE I: The mass and binding energy BT of T
1
bb and T
1
bb
in scheme 0. The units of mass and variational parameters
are MeV, and fm−2, respectively. The numbers in brack-
ets are results when the color (q1q2)
6
1 ⊗ (q¯3q¯4)6¯0 component is
neglected.
Type 1Gaussian variational parameters BT
qqb¯b¯ 10576.6 Cs11 = 2.8, C
s
22 = 18.4,C
s
33 = 2.7 -101.6
(10577.7) (Cs11 = 2.9, C
s
22 = 18.5,C
s
33 = 2.9) (-100.5)
qqc¯c¯ 4036.4 Cs11 = 2.7, C
s
22 = 6.9,C
s
33 = 2.5 +97.9
(4043.9) (Cs11 = 2.8, C
s
22 = 6.9,C
s
33 = 2.5) (105.4)
C. Schemes with more Gaussian
Finally, we investigate the importance of introducing
correction to a simple Gaussian form. This is simply
accomplished by adding Gaussian with different overall
coefficients. To be specific, we first introduce more Gaus-
sian in the trial wave function∑
j
bjΨ
s
j (41)
with variational parameters bj (j = 1 ∼ 5) and Ψsi =
Rsi (q1q2)
3¯
0 ⊗ (q¯3q¯4)31. With this, we will introduce the
following additional schemes depending on how Rsi is de-
fined.
Scheme VI :
Rsi =exp[−(Cni11σ2 + Cni22σ′2 + Cni33λ2 + 2Cni13σ′ · λ)]+
exp[−(Cni11σ2 + Cni22σ′2 + Cni33λ2 − 2Cni13σ′ · λ)].
(42)
The parameters of the Gaussian function, Cni11 , C
ni
22 , C
ni
33 ,
and Cni13 are given by C
ni = αniC0ij where we chose
α =1.5, 2, 2.5[25] and take C0ij to be the variational
parameters determined from the analysis in scheme II:
C011 = 2.9 fm
−2, C022 = 18.5 fm
−2, C033 = 2.9 fm
−2, and
C013 = 0.6 fm
−2. Then, for five Gaussian function, we
take ni as the following:
n1 = −2, n2 = −1, n3 = 0, n4 = 1, n5 = 2.
Scheme VII :
Rsi =exp[−(Cni11σ2 + Cni22σ′2 + Cni33λ2 + 2Cni13σ · λ)]+
exp[−(Cni11σ2 + Cni22σ′2 + Cni33λ2 − 2Cni13σ · λ)]+
exp[−(Cni11σ2 + Cni22σ′2 + Cni33λ2 + 2Cni23σ′ · λ)]+
exp[−(Cni11σ2 + Cni22σ′2 + Cni33λ2 − 2Cni23σ′ · λ)].
(43)
Here, the parameters are defined in the same way as
in scheme VI with C0ij now taken from the analysis of
scheme V.
The variational equations obtained by using the trial
wave function in Eq. (41) reduces to the following eigen-
value problem with respect to bj :
∑
j
〈Ψsi |H |Ψsj〉bj =
∑
j
E〈Ψsi |Ψsj〉bj . (44)
It should be noted that the trial wave function taken
by BS with either single or five Gaussian did not take into
account the correlations between quarks: Csij = C
nk
ij = 0
for i 6= j.
D. Normal meson
In order to investigate the stability of T 1QQ against the
decay into a scalar and a vector meson, we calculated the
mass of normal mesons using the Hamiltonian in Eq. (1)
with a two-body spatial function which was suggested by
BS [25]. The spatial function has a form of Gaussian,
given by,
φ(r) = e−
1
2a
2r2 . (45)
where r = (rq−rq¯) is the relative distance between quark
and antiquark, and a is a variational parameter. The list
of the mass calculated by one Gaussian function is shown
in Table II.
7TABLE II: The masses of the pseudo-scalar and vector mesons
containing a heavy antiquark obtained using the variational
method with one Gaussian function in Eq. (45). The units of
a and masses are fm and MeV respectively. The experimental
values are shown in the third line.
mB mB∗ mD mD∗
1Gaussian 5317 5360 1910 2028
a2 8.81 8.07 8.96 7.30
experimental value 5279 5325 1869 2006
V. NUMERICAL RESULTS
A. Scheme 0
We first analyze results in scheme 0 to investigate the
importance of the color 66¯ component in the total wave
function of T 1QQ.
In Table I, we show the mass and variational param-
eters of T 1bb and T
1
bb obtained from the coupled basis of
(q1q2)
3¯
0 ⊗ (q¯3q¯4)31 and (q1q2)61 ⊗ (q¯3q¯4)6¯0 in Scheme 0 with
one Gaussian spatial function. Table I also shows the
binding energy BT = mT − (M +M ′) of the T 1QQ against
the decay into a pseudo-scalar and a vector meson with
mass M and M ′, respectively. The masses of the mesons
are calculated with the Hamiltonian in Eq. (1) using one
variational Gaussian function.
As can be seen from table I, the variational parameters
changes little from those obtained by taking into account
only the (q1q2)
3¯
0 ⊗ (q¯3q¯4)31 color component in the wave
function. This also leads to only a small change in the
mass of 1 MeV. Hence, we can confirm that the effect
of the (q1q2)
6
1 ⊗ (q¯3q¯4)6¯0 component on the binding of the
heavy tetraquark system can be negligible. As for the
T 1cc, we find that the mass of T
1
cc is unbounded against
strong decay. In contrast to the case of T 1bb, there is about
7 MeV change in variational energy for the case of T 1cc.
In scheme 0, the ground state which gives the lowest
eigenvalue in Eq.(30) can be expressed as a linear com-
bination of Ψ1 and Ψ2 in Eq.(28). The mixing angle
corresponding to the coefficients of Ψ1 and Ψ2 is shown
in Table III. One can see that the mixing of the 66¯ com-
ponent is again negligible.
TABLE III: The ground state wave function for T 1QQ in
scheme 0.
Type ground state
qqb¯b¯ 0.99671Ψ1+0.080951Ψ2
qqc¯c¯ 0.99558Ψ1+0.093919Ψ2
B. Other Schemes
Here, we present the results in the other schemes.
1. In scheme I, we find Cs11 = 2.9 fm
−2, Cs22 =
18.5 fm−2, Cs33 = 2.9 fm
−2, and Cs12 = 0.4 fm
−2.
The values are the the same as in the case of
Cs12 = 0. The corresponding lowest energy is
10577.3 MeV which is also nearly equal to the value
obtained with Cs12 = 0. The correlation between σ
and σ′ makes little difference on the structure of
the spatial coordinate configuration.
2. Again, little change occurs for the case of scheme
II describing the correlation between σ and λ. The
presence of Cs13 lowers the ground state energy by
2 MeV with the values Cs11 = 2.9 fm
−2, Cs22 =
18.5 fm−2 , Cs33 = 2.9 fm
−2, and Cs13 = 0.6 fm
−2.
3. In scheme III, we find Cs11 = 2.9 fm
−2, Cs22 =
18.5 fm−2, Cs33 = 2.9 fm
−2, and Cs23 = 0.4 fm
−2
with the corresponding lowest energy 10577 MeV.
4. In scheme IV, we find the mass to be 10574.1 MeV.
5. In scheme V, the variational parameters are given
as Cs11 = 2.9 fm
−2, Cs22 = 18.5 fm
−2, Cs33 =
2.9 fm−2, Cs13 = 0.9 fm
−2, and Cs23 = 0.6 fm
−2
with the lowest energy 10575.5 MeV.
6. In scheme VI, we find that the lowest energy with
five Gaussian functions with α = 2 to be 10558
MeV.
7. In scheme VII, we find that the lowest energy with
five Gaussian functions with α = 2 to be the same
as that obtained from scheme VI.
As can be seen from Table IV, we find from the anal-
ysis of scheme I-VII, that our extended versions, taking
into account correlations between quarks, did not give
meaningful changes from the values obtained by BS [25]
with either one Gaussian function or five Gaussian func-
tion without the correlations. We also find that chang-
ing α=1.5 and α=2.5 do not introduce any additional
changes, as was also noted by BS [25]. Comparing the
results from scheme I-V to those from scheme VI-VII,
one finds that there is only a small change in the mass
suggesting that single Gaussian already encodes the dom-
inant part of the total wave function. Moreover, the effect
of including minimal correlation through scheme I to V
induces even smaller mass change. Hence, we omitted the
variational calculation where more complicated correla-
tion are present through Cs12 6= Cs13 6= Cs23 6= 0. Prelimi-
nary investigations suggests that this independence only
persists when the antidiquarks are composed of heavy
anti-quarks so that the system is intrinsically small. We
anticipate that the dependence of Cs12, C
s
13 and C
s
23 in
lowering the variational energy is related to the size of
the tetraquark to be considered.
8TABLE IV: The mass of T 1bb in schemes I-VII.
qqb¯b¯ Sche-I Sche-II Sche-III Sche-IV Sche-V
1Gaussian 10577.3 10575.5 10577 10574.1 10575.5
Sche-VI Sche-VII
5Gaussian 10558 10558
qqb¯b¯ Brink-Stancu
1Gaussian 10577.7
5Gaussian 10558.1
TABLE V: The mass of T 1cc without the component (q1q2)
6
1⊗
(q¯3q¯4)
6¯
0 in the color-spin space.
qqc¯c¯ Sche-0 Sche-II
1Gaussian 4043.9 4042.7
This effect is also true for T 1cc as the mass change only
by 1 MeV as can be seem from Table V. In obtaining
the values for Table V, we only took into account the
(q1q2)
3¯
0⊗(q¯3q¯4)31 color component for the trial wave func-
tion without correlation and with a minimal correlation
as given in scheme II.
C. Sizes of hadrons
It is useful to look at the relative distances between
quarks in each hadron. From table II, we note that
the distance between the quark and antiquark in the
B meson is rB ∼
√
2a−1 = 0.476 fm; similar values
are obtained for B∗, D and D∗ mesons. For T 1bb me-
son, the distance between the diquark and antidiquark
is rλ ∼ 1/
√
C33 = 0.608 fm and that between the b
quarks is rσ′ ∼
√
2/C22 = 0.329 fm. For T
1
cc, while
rλ ∼ 1/
√
C33 = 0.632 fm is similar to that of T
1
bb,
rσ′ ∼
√
2/C22 = 0.530 fm is much larger.
VI. THE MASS SPLITTING IN HYPERFINE
POTENTIAL
In this section, we investigate the contribution of the
hyperfine potential term which is crucial for deciding the
stability against strong decay. In particular, we perform
two calculations. In the first part, we calculate the contri-
bution of the hyperfine potential within Scheme 0 of our
variational method. In a second approach, we estimate
these from fitting it to the mass differences between the
mesons and baryons with constant factors. Let us elab-
orate on the second approach. We introduce Cij , which
should be not confused with the variational parameters
Csij , for the following parametrization to the mass coming
TABLE VI: The expectation value of interaction Hamilto-
nian in Eq. (46) for mesons and baryons is shown below. For
baryons with S=1/2, the configuration of flavors is qqq′ in-
cluding two identical quarks.
S=0 S=1
Meson -16C12
16
3
C12
S=1/2 S=3/2
Baryon 8
3
(C12 − 4C13) 83 (C12 + C13 +C23)
from the hyperfine potential:
V SS = −
∑
i<j
Cijλ
c
iλ
c
jσi · σj . (46)
In the first estimate, Cij = 〈V SSij 〉 as given in Eq. (35),
and can be calculated within variational approach. In
the second approach, we assume that Cij depends only
on the flavor and whether the pair is a quark-quark or
quark-antiquark type. Then, Cij can be extracted from
the observed mass differences between the baryons or
mesons, within the constituent quark model. Our pur-
pose is to assess whether one can determine the stability
of tetraquark states by looking at only the hyperfine po-
tential term given in Eq. (46) and assumptions within our
second approach. For a meson consisting of a quark and
antiquark, the contribution of the color part to the inter-
action Hamiltonian in Eq. (46) is -16/3, and the spin part
is either -3 or 1 for S=0 and S=1, respectively. From the
mass differences J/ψ−ηc, D∗−D, ρ−π,B∗−B,Υ−ηb [30]
we find
Cuc¯ = Cdc¯ = 6.7 MeV, Cub¯ = Cdb¯ = 2.2 MeV
Cuu¯ = 29.5 MeV, Ccc¯ = 5.48 MeV, Cbb¯ = 3.25 MeV.
For baryons, the expectation value of the color oper-
ator λciλ
c
j with respect to a color singlet wave function
ǫijkqi(1)qj(2)qk(3) is the same for all the pairs and equal
to -8/3. Specifically, 〈V SS〉 = 8/3(C12 + C23 + C13) for
S=3/2 baryons, and 〈V SS〉 = 8/3(C12− 4C13) for S=1/2
baryons when two quarks are identical qqq′ [31]. From
the nucleon ∆ and N mass difference, we have
Cuu = Cud = 18 MeV
On the other hand, the strength factor involving two
heavy quarks such as Ccc can be inferred from the value
of Ccc¯ with the same ratio as in the case of light quarks
Cuu¯ = 1.63Cuu as can be seen in our estimation: we will
assume Ccc = 1/1.63Ccc¯ and Cbb = 1/1.63Cbb¯. Then we
have :
Ccc = 3.36 MeV Cbb = 1.99 MeV.
Now, to calculate the hyperfine splitting within our
second approach, we note that the matrix element of the
hyperfine potential for T 1bb and T
1
cc in terms of (q1q2)
3¯
0 ⊗
9(q¯3q¯4)
3
1 and (q1q2)
6
1 ⊗ (q¯3q¯4)6¯0 is written as
〈V SS〉 = −2/3
(
V SS11 V
SS
12
V SS21 V
SS
22
)
with
V SS11 = 12C12 − 4C34,
V SS12 = V
SS
21 = −3
√
2(C13 + C14 + C23 + C24),
V SS22 = 2C12 − 6C34. (47)
In the second approach, we use the phenomenological
estimates in the right hand side of Eq. (47). The final
values are given in the last (4’th) column of table VII.
TABLE VII: The list of the value of each term of the Hamilto-
nian in Eq.(1) for T 1bb and T
1
cc : To compare the mass splitting
in the hyperfine potential in Eq. (46) with that of Eq.(31), the
lowest eigenvalue in Eq. (46) is putted in column 4
Type H0 V
SS V SS
qqb¯b¯ 10756 -181.4 -143.5
B 5351.4 -34.0 -35.2
B∗ 5350.4 10.5 11.7
H0 −HM+M
′
0 V
SS − V SSM+M′ V SS − V SSM+M′
54.5 -157.9 -120
Type H0 V
SS V SS
qqc¯c¯ 4215.1 -186.9 -170.8
D 2007.8 -97.2 -107.2
D∗ 2000.9 27.1 35.5
H0 −HM+M
′
0 V
SS − V SSM+M′ V SS − V SSM+M′
206.4 -116.8 -99.1
In Table VII, we also show the value of each part of
the Hamiltonian in Eq. (1) calculated within scheme 0.
H0 corresponds to the kinetic and confinement potential
terms calculated in scheme 0 for T 1QQ. H
M+M ′
0 are the
corresponding sum for the scalar and vector meson us-
ing the Gaussian function in Eq. (45). V SS in column 3
represents the eigenvalue of the matrix of hyperfine po-
tential in terms of the basis set in Eq.(28) for the heavy
tetraquark. The V SSM+M ′ are the values of a scalar and a
vector meson for hyperfine potential with one Gaussian
function in Eq. (45).
As shown in the Table VII, the difference of H0 be-
tween the heavy tetraquark and the sum of a scalar and
a vector meson becomes considerably smaller in T 1bb than
in T 1cc. As can be seen from table I, the main difference
between these two tetraquarks is in the average distance
between the two heavy antiquarks. When the heavy anti-
quark becomes large, we can estimate the binding energy
simply by looking at the difference of hyperfine poten-
tial; that is, V SS − V SSM+M ′ in column 4, provided that
H0 − (HM0 +HM
′
0 ) = 0 for T
1
bb.
VII. SUMMARY
With a simple variational Gaussian function, which
is convenient to analyze the states with L=0 configu-
rations, we have calculated the ground state energy of
the JP = 1+ udb¯b¯ tetraquark containing two identi-
cal heavy antiquarks in a nonrelativistic potential model
with color confinement and spin hyperfine interaction.
In particular, we extend the the work by BS to investi-
gate the effect of including the color anti-sextet compo-
nent of the diquark configuration as well as using sev-
eral more Gaussian parametrization for the spatial wave
function. From the analysis in Scheme 0, we find that
taking into account the Rs(q1q2)
6
1 ⊗ (q¯3q¯4)6¯0 has little ef-
fect on the binding as well as on the wave function of the
tetraquark state, whose wave function is dominated by
the Rs(q1q2)
3¯
0 ⊗ (q¯3q¯4)31 component, as was expected by
BS [25].
For the heavy tetraquark, we also find that the vari-
ational energy does not depend very much on whether
we allow for the nonvanishing parameters Cs12 6= Cs13 6=
Cs23 6= 0 or Cs12 = Cs13 = Cs23 = 0 in the exponent in
Eq.(9). Still, we find that the inclusion of variational
parameter Cs13 introduces the most important change in
the mass. This suggests that the orientation of the heavy
antiquark σ′ is relatively less important compared to
the other orientations involving light quarks. Therefore,
we expect that this nonvanishing variational parameters
might play a more important role in the light tetraquark
system. Finally, in section VI, we have shown that the
mass splitting of hyperfine potential can provide an in-
tuitive picture for the binding energy of T 1bb against the
B,B∗.
We still find that the T 1bb mass we obtain, which
is consistent with that by BS [25], remains about 33
MeV higher than that obtained by Silvestre-Brac and
Semay [24] using a harmonic oscillator basis with the
same Hamiltonian. A possible further improvement in
our calculation is to take into account the coupling to
the asymptotic decay channels which is appropriate for
describing the decay property as was argued by BS [25].
Moreover, although we have neglected the center of mass
motion for all mesons, these might not cancel between
the tetraquark and two meson sates. Also, we have as-
sumed that the constant D in Eq. (2) is univeral for both
the tetraquark and meson. All these issues remains to be
a caveat in our approach that should be address later.
Appendix A: Color-singlet states for tetraquark
In this section, we will calculate the matrix of the inter-
action Hamiltinian in terms of the color-spin wave func-
tion which have been introduced in the previous section.
It is essential to mention the Casimir operator of SU(3)c
for the purpose of investigating the action of λciλ
c
j on the
color singlet. According to Schur,s lemmas, the Casimir
operator, λcλc can be expressed as a multiple of the unit
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matrix in any irreducible representation of SU(3)c be-
cause the Casimir operator commutes with all of the ir-
reducible representation of SU(3)c. Therefore, each basis
vector belonging to a multiplet of any irreducible repre-
sentation has a common eigenvalue to the Casimir oper-
ator. In addition, SU(3) has a second invariant operator,
whose the eigenvalues also characterize the multiplets of
SU(3). Then, Racah,s theorem tells us that with the two
invariant operator, the SU(3) multiplets are completely
classified. There are several kinds of irreducible repre-
sentation related to SU(3). :
[1]=D(0,0) [3]=D(1,0)= [3¯]=D(0,1)=
[6]=D(2,0)= [6¯]=D(0,2)=
In the irreducible representation D(p1,p2), the number
pk appearing in the ”k”’th position denotes the number
of columns with k boxes in a given Young diagram. We
define the multiplets of SU(3) as ψ(D(p1, p2)). Then,
the action of λcλc on ψ(D(p1, p2)) gives the well-known
formula
λcλcψ(D(p1, p2)) =
4
3
(p21 + p1p2 + p
2
2 + 3p1 + 3p2)ψ(D(p1, p2)). (A1)
For example, we have :
λcλcψ(D(0, 0)) = 0,
λcλcψ(D(1, 0)) = 16/3ψ(D(1, 0)),
λcλcψ(D(0, 1)) = 16/3ψ(D(0, 1)),
λcλcψ(D(2, 0)) = 40/3ψ(D(2, 0)),
λcλcψ(D(0, 2)) = 40/3ψ(D(0, 2)),
λcλcψ(D(1, 1)) = 12ψ(D(1, 1)).
(A2)
In order to calculate the matrix element of λciλ
c
j with
respect to the muliplet of SU(3)c in tetraquark, we need
to descibe two color singlets coming from a singlet-singlet
color and an octet-octet color state. We denote two color
singlets by (q1q¯3)
c=1⊗ (q2q¯4)c=1, (q1q¯3)c=8⊗ (q2q¯4)c=8 or
(q1q¯4)
c=1 ⊗ (q2q¯3)c=1, (q1q¯4)c=8 ⊗ (q2q¯3)c=8. We can find
two color singlets with a irreducible tensor methods :
(q1q¯3)
1 ⊗ (q2q¯4)1 = 1
3
qi(1)q¯i(3)q
j(2)q¯j(4),
(q1q¯3)
8 ⊗ (q2q¯4)8 = 1
2
√
2
(qi(1)q¯j(3)
− 1
3
δijq
k(1)q¯k(3))(q
j(2)q¯i(4)
− 1
3
δji q
k(2)q¯k(4)). (A3)
where qi(1)q¯j(3)− 13δijqk(1)q¯k(3) indicates the irreducible
tensor of octet multiplet. It is easy to see that these color
singlets are orthogonal to each other. Hence, a two di-
mensional vector space is spanned by (q1q¯3)
1 ⊗ (q2q¯4)1,
and (q1q¯3)
8 ⊗ (q2q¯4)8. For the same reason, (q1q2)3¯ ⊗
(q¯3q¯4)
3 and (q1q2)
6 ⊗ (q¯3q¯4)6¯ which are orthogonal con-
stitute the identical two dimensional vector space. There
exists uniquely an isomorphism which is called an one-
to-one correspondence such that the transformation from
one bases to the other is an orthogonal 2 by 2 matrix
because of the conservation of inner product. The trans-
formation is given by,
(q1q¯3)
1 ⊗ (q2q¯4)1 =
1√
3
(q1q2)
3¯ ⊗ (q¯3q¯4)3 +
√
2
3
(q1q2)
6 ⊗ (q¯3q¯4)6¯,
(q1q¯3)
8 ⊗ (q2q¯4)8 =
−
√
2
3
(q1q2)
3¯ ⊗ (q¯3q¯4)3 + 1√
3
(q1q2)
6 ⊗ (q¯3q¯4)6¯. (A4)
We can also find the transformation from the basis set of
(q1q¯4)
1⊗ (q2q¯3)1 and (q1q¯4)8⊗ (q2q¯3)8 to the basis set of
(q1q2)
3¯ ⊗ (q¯3q¯4)3 and (q1q2)6 ⊗ (q¯3q¯4)6¯ :
(q1q¯4)
1 ⊗ (q2q¯3)1 =
− 1√
3
(q1q2)
3¯ ⊗ (q¯3q¯4)3 +
√
2
3
(q1q2)
6 ⊗ (q¯3q¯4)6¯,
(q1q¯4)
8 ⊗ (q2q¯3)8 =√
2
3
(q1q2)
3¯ ⊗ (q¯3q¯4)3 + 1√
3
(q1q2)
6 ⊗ (q¯3q¯4)6¯. (A5)
We are now in a position to apply λciλ
c
j on the color
singlets. For a system consisting of two quarks i and j,
the generators are λcij = λ
c
i + λ
c
j , where c runs from 1 to
8. Then, by analogy with angular momentum, λciλ
c
j can
be expressed as,
λciλ
c
j =
1
2
((λcij)
2 − (λci )2 − (λcj)2), (A6)
where (λcij)
2, (λci )
2 and (λcj)
2 are Casimir operators asso-
ciated with the two-body system, and the particles i and
j, respectively. Applying λc1λ
c
2 to (q1q2)
3¯ ⊗ (q¯3q¯4)3 gives,
λc1λ
c
2(q1q2)
3¯ ⊗ (q¯3q¯4)3 = 1
2
((λc12)
2(q1q2)
3¯)⊗ (q¯3q¯4)3
− (((λc1)2q1)q2)3¯)⊗ (q¯3q¯4)3
− (q1((λc2)2q2))3¯ ⊗ (q¯3q¯4)3
=
1
2
(
16
3
− 16
3
− 16
3
)(q1q2)
3¯ ⊗ (q¯3q¯4)3
= −8
3
(q1q2)
3¯ ⊗ (q¯3q¯4)3. (A7)
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Similarly, applying λc1λ
c
2 on (q1q2)
6 ⊗ (q¯3q¯4)6¯ yields,
λc1λ
c
2(q1q2)
6 ⊗ (q¯3q¯4)6¯ = 1
2
((λc12)
2(q1q2)
6)⊗ (q¯3q¯4)6¯
− (((λc1)2q1)q2)6)⊗ (q¯3q¯4)6¯
− (q1((λc2)2q2))6)⊗ (q¯3q¯4)6¯
=
1
2
(
40
3
− 16
3
− 16
3
)(q1q2)
6 ⊗ (q¯3q¯4)6¯
= +
4
3
(q1q2)
6 ⊗ (q¯3q¯4)6¯. (A8)
It follows immediately that the same result is obtained
for the λc3λ
c
4. For the operator, λ
c
1λ
c
3, the basis set of
(q1q¯3)
1 ⊗ (q2q¯4)1 and (q1q¯3)8 ⊗ (q2q¯4)8 instead of the ba-
sis set of (q1q2)
3¯ ⊗ (q¯3q¯4)3 and (q1q2)6 ⊗ (q¯3q¯4)6¯ is re-
quired to calculate the matrix element. Then, the ma-
trix element of λc1λ
c
3, in terms of (q1q2)
3¯ ⊗ (q¯3q¯4)3 and
(q1q2)
6 ⊗ (q¯3q¯4)6¯, is obtained from the similarity trans-
formation which changes the matrix representation based
on a basis set. In a similar way, we have :
λc1λ
c
3(q1q¯3)
1 ⊗ (q2q¯4)1 = 1
2
(((λc13)
2(q1q¯3)
1)⊗ (q2q¯4)1
− (((λc1)2q1)q¯3)1)⊗ (q2q¯4)1
− (q1((λc3)2q¯3))1 ⊗ (q2q¯4)1
=
1
2
(0− 16
3
− 16
3
)(q1q¯3)
1 ⊗ (q2q¯4)1
= −16
3
(q1q¯3)
1 ⊗ (q2q¯4)1. (A9)
λc1λ
c
3(q1q¯3)
8 ⊗ (q2q¯4)8 = 1
2
(((λc13)
2(q1q¯3)
8)⊗ (q2q¯4)8
− (((λc1)2q1)q¯3)8)⊗ (q2q¯4)8
− (q1((λc3)2q¯3))8 ⊗ (q2q¯4)8
=
1
2
(12− 16
3
− 16
3
)(q1q¯3)
8 ⊗ (q2q¯4)8
= +
2
3
(q1q¯3)
8 ⊗ (q2q¯4)8. (A10)
To calculate the matrix element of λc1λ
c
3 in terms of
(q1q2)
6⊗(q¯3q¯4)6¯ and (q1q2)3¯⊗(q¯3q¯4)3, we find the inverse
of transformation, which is equivalent to the orthogonal
matrix U, and 〈λc1λc3〉(q1 q¯3)8⊗(q2 q¯4)8,(q1 q¯3)1⊗(q2 q¯4)1 ,
U =

 1√3 −
√
2
3√
2
3
1√
3

 ,
〈λc1λc3〉(q1 q¯3)8⊗(q2 q¯4)8,(q1 q¯3)1⊗(q2q¯4)1 =(
2
3 0
0 − 163
)
. (A11)
TABLE VIII: The matrix of λciλ
c
j is written in terms of two
basis set, φ1 = (q1q2)
6 ⊗ (q¯3q¯4)6¯ and φ2 = (q1q2)3¯ ⊗ (q¯3q¯4)3,
ψ1 = (q1q¯3)
8 ⊗ (q2q¯4)8 and ψ2 = (q1q¯3)1 ⊗ (q2q¯4)1.
(q1q2)
6⊗(q¯3 q¯4)6¯,(q1q2)3¯⊗(q¯3 q¯4)3 (q1 q¯3)8⊗(q2 q¯4)8,(q1 q¯3)1⊗(q2 q¯4)1
λc1λ
c
2
=λc3λ
c
4
( 4
3
0
0 − 8
3
) ( − 4
3
4
√
2
3
4
√
2
3
0
)
λc1λ
c
3
=λc2λ
c
4
( − 10
3
−2√2
−2√2 − 4
3
) ( 2
3
0
0 − 16
3
)
λc1λ
c
4
=λc2λ
c
3
( − 10
3
2
√
2
2
√
2 − 4
3
) ( − 14
3
− 4
√
2
3
− 4
√
2
3
0
)
Finally, we reach the matrix representation based on
(q1q2)
6 ⊗ (q¯3q¯4)6¯ and (q1q2)3¯ ⊗ (q¯3q¯4)3 as,
〈λc1λc3〉(q1q2)6⊗(q¯3q¯4)6¯,(q1q2)3¯⊗(q¯3 q¯4)3
= UT 〈λc1λc3〉(q1 q¯3)8⊗(q2 q¯4)8,(q1 q¯3)1⊗(q2 q¯4)1U
=

 1√3
√
2
3
−
√
2
3
1√
3


(
2
3 0
0 − 163
)
 1√3 −
√
2
3√
2
3
1√
3


=
(
− 103 −2
√
2
−2√2 − 43
)
. (A12)
The basis set of (q1q¯3)
8⊗ (q2q¯4)8 and (q1q¯3)1⊗ (q2q¯4)1
is necessary to obtain the matrix element of λc1λ
c
4.
Appendix B: Spin states for tetraquark
In this section, we investigate spin states for tetraquark
to calculate the matrix element of the Hamiltonian in
Eq. (1). The case for the spin operators can be treated
similarly as before in that SU(2) is a subgroup of SU(3).
A point that is different from the case of SU(3) is that the
SU(2) has only one Casimir operator. The only Casimir
operator, σ · σ classifies the multiplets of SU(2) by the
eigenvalues. We describe the explicit form of the to-
tal spin S=0,and 1. The two orthonormal basis states
(χ12)s=1⊗ (χ34)s=1 and (χ12)s=0⊗ (χ34)s=0 with the to-
tal S=0 in Eq. (21) can be expressed as,
(χ12)s=1 ⊗ (χ34)s=1
=
1√
3
↑ (1) ↑ (2)⊗ ↓ (3) ↓ (4)
+
1√
3
↓ (1) ↓ (2)⊗ ↑ (3) ↑ (4)
− 1√
3
1√
2
(↑ (1) ↓ (2)+ ↓ (1) ↑ (2))⊗ 1√
2
(↑ (3) ↓ (4)+
↓ (3) ↑ (4))
=
1√
12
(2 ↑↑↓↓ +2 ↓↓↑↑ − ↑↓↑↓ − ↑↓↓↑ − ↓↑↑↓ − ↓↑↓↑),
12
(χ12)s=0 ⊗ (χ34)s=0
=
1√
2
(↑ (1) ↓ (2)− ↓ (1) ↑ (2))⊗ 1√
2
(↑ (3) ↓ (4)−
↓ (3) ↑ (4))
=
1
2
(↑↓↑↓ − ↑↓↓↑ − ↓↑↑↓ + ↓↑↓↑). (B1)
Here, we define spinors as,
(
1
0
)
=↑,
(
0
1
)
=↓ . (B2)
The coefficients appearing in Eq. (B1) are obtained from
the Clebsch-Gordan coefficients of SU(2). The three ba-
sis states with the total S=1 in Eq. (22) are given by,
(χ12)s=1⊗(χ34)s=0 =
↑ (1) ↑ (2)⊗ 1√
2
(↑ (3) ↓ (4)− ↓ (3) ↑ (4))
=
1√
2
(↑↑↑↓ − ↑↑↓↑),
(χ12)s=1 ⊗ (χ34)s=1 =
1√
2
1√
2
((↑ (1) ↓ (2)+ ↓ (1) ↑ (2))⊗ ↑ (3) ↑ (4)
− 1√
2
↑ (1) ↑ (2)⊗ 1√
2
((↑ (3) ↓ (4)+ ↓ (3) ↑ (4))
=
1
2
(↑↓↑↑ + ↓↑↑↑ − ↑↑↑↓ − ↑↑↓↑),
(χ12)s=0⊗(χ34)s=1 =
1√
2
(↑ (1) ↓ (2)− ↓ (1) ↑ (2))⊗ ↑ (3) ↑ (4)
=
1√
2
(↑↓↑↑ − ↓↑↑↑). (B3)
It is easy to obtain the result of applying the spin oper-
ator σi · σj on these bases through the well known eigen-
values of the Casimir. By analogy with the case of SU(3),
we can find the matrix of σi · σj for S=0 and S=1. It
follows immediately that we can find the matrix of inter-
action Hamiltonian in Eq. (46) for scalar tetraquark and
axial tetraquark. They are obtained from the Kronecker
product of the matrix of the color operator λciλ
c
j and the
spin operator σi ·σj . The basis set of the Kronecker prod-
uct of the matrix of the color operator λciλ
c
j and the spin
operator σi · σj for scalar tetraquark is given by,
φ1 = (q1q2)
6
1 ⊗ (q¯3q¯4)6¯1, φ2 = (q1q2)60 ⊗ (q¯3q¯4)6¯0,
φ3 = (q1q2)
3¯
1 ⊗ (q¯3q¯4)31, φ4 = (q1q2)3¯0 ⊗ (q¯3q¯4)30. (B4)
and, the basis set for axial tetraquark is,
φ1 = (q1q2)
6
1 ⊗ (q¯3q¯4)6¯0, φ2 = (q1q2)61 ⊗ (q¯3q¯4)6¯1,
φ3 = (q1q2)
6
0 ⊗ (q¯3q¯4)6¯1, φ4 = (q1q2)3¯1 ⊗ (q¯3q¯4)30,
φ5 = (q1q2)
3¯
1 ⊗ (q¯3q¯4)31, φ6 = (q1q2)3¯0 ⊗ (q¯3q¯4)31. (B5)
TABLE IX: The matrix of σi · σj is written in terms of two
basis set, φ1 = (χ12)s=1 ⊗ (χ34)s=1 and φ2 = (χ12)s=0 ⊗
(χ34)s=0 for the total S=0, ψ1 = (χ12)s=1 ⊗ (χ34)s=0, ψ2 =
(χ12)s=1⊗(χ34)s=1 and ψ3 = (χ12)s=0⊗(χ34)s=1 for the total
S=1.
spin=0 states spin=1 states
σ1 · σ2
(
1 0
0 −3
) ( 1 0 0
0 1 0
0 0 −3
)
σ1 · σ3
( −2 −√3
−√3 0
) ( 0 −√2 1
−√2 −1 √2
1
√
2 0
)
σ1 · σ4
( −2 √3
√
3 0
) ( 0 √2 −1
√
2 −1
√
2
−1 √2 0
)
σ2 · σ3
( −2 √3
√
3 0
) ( 0 −√2 −1
−√2 −1 −√2
−1 −√2 0
)
σ2 · σ4
( −2 −√3
−
√
3 0
) ( 0 √2 1
√
2 −1 −√2
1 −√2 0
)
σ3 · σ4
(
1 0
0 −3
) ( −3 0 0
0 1 0
0 0 1
)
The matrix of interaction Hamiltonian in Eq. (46) for
scalar tetraquark in terms of the color-spin basis states
is written as,
〈−
∑
i<j
Cijλ
c
iλ
c
jσi · σj〉 = H ′CM =
− C12


4
3
(
1 0
0 −3
)
0
(
1 0
0 −3
)
0
(
1 0
0 −3
)
− 83
(
1 0
0 −3
)

+
− C13


− 103
(
−2 −
√
3
−
√
3 0
)
−2
√
2
(
−2 −
√
3
−
√
3 0
)
−2
√
2
(
−2 −
√
3
−
√
3 0
)
− 43
(
−2 −
√
3
−
√
3 0
)

+
− C14


− 103
(
−2
√
3
√
3 0
)
2
√
2
(
−2
√
3
√
3 0
)
2
√
2
(
−2
√
3
√
3 0
)
− 43
(
−2
√
3
√
3 0
)

+
− C23


− 103
(
−2
√
3
√
3 0
)
2
√
2
(
−2
√
3
√
3 0
)
2
√
2
(
−2
√
3
√
3 0
)
− 43
(
−2
√
3
√
3 0
)

+
13
− C24


− 103
(
−2 −
√
3
−
√
3 0
)
−2
√
2
(
−2 −
√
3
−
√
3 0
)
−2
√
2
(
−2 −
√
3
−
√
3 0
)
− 43
(
−2 −
√
3
−
√
3 0
)

+
− C34


4
3
(
1 0
0 −3
)
0
(
1 0
0 −3
)
0
(
1 0
0 −3
)
− 83
(
1 0
0 −3
)

 . (B6)
To compare with the result which can be found in
Ref [28], we change the basis set in Eq. (B4) into,
φ1 = (q1q2)
6
1 ⊗ (q¯3q¯4)6¯1, φ2 = (q1q2)3¯0 ⊗ (q¯3q¯4)30,
φ3 = (q1q2)
6
0 ⊗ (q¯3q¯4)6¯0, φ4 = (q1q2)3¯1 ⊗ (q¯3q¯4)31, (B7)
Then, it is found that the transformation from the basis
set in Eq. (B4) to the basis set in Eq. (B7) is,
U =


1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0

 . (B8)
The matrix of the interaction Hamiltonian in Eq. (46)
denoted by HCM for scalar tetraqurak is acquired by the
similarity transformation :
HCM = U
TH ′CMU = −
(
A B
C D
)
, (B9)
with 2 by 2 submatrices
A11 =
4
3
(C12 + C34) +
20
3
(C13 + C14 + C23 + C24),
A12 = A21 = 2
√
6(C13 + C14 + C23 + C24),
A22 = 8(C12 + C34),
B = CT =
2√
3
(C13 − C14 − C23 + C24)
(
5 2
√
6
0 2
)
,
D11 = −4(C12 + C34),
D12 = D21 = 2
√
6(C13 + C14 + C23 + C24),
D22 = −8
3
(C12 + C34 − C13 − C14 − C23 − C24). (B10)
In a situation where C13 = C23 and C14 = C24, the
matrix of interaction Hamiltonian in Eq. (46) for scalar
tetraquarks reduces to the block diagonal form,
HCM = −
(
A 0
0 D
)
. (B11)
This means that the flavor-symmetry of light diquark
causes the separation of 3¯f and 6f . We can apply the
same procedure to calculate the matrix of the interaction
Hamiltonian in Eq. (46) for axial tetraquark.
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